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FORTRAN PROGRAM FOR COMPUTATION OF WEBER
FUNCTIONS AND THEIR FIRST DERIVATIVES
by Antra Priede and Gabriel Allen

Lewis Research Center

SUMMARY

This report contains a description of a FORTRAN IV program for computing DV(x)
and (d/dx)D V(x), which are the Weber function of order v and argument x and its first
derivative, respectively. The range of values is x{0, 30]and #{1,200]. The computa-
tions are performed in double precision and the values are accurate to seven s1gn1flcant
figures over most of this region. However, in the range x[5.5, \/5_0] and (x /4) +1
<v< (x /4) + 13, the accuracy is reduced. Included herein are tables of D (x) and
(d/ax)D (x) with values listed at intervals of 1 in x and 5 in v; the tables begm with
x=0 and v =4.5, but they omit part of the region covered by x[5.5, \/6—0]

The program is so written to take advantage of asymptotic forms, recursion relations,
and series computations at whatever combinations of v and x these methods yield the
desired accuracy in the shortest machine time,.

INTRODUCTION

Many problems of physical and engineering interest are concerned with waves ema-
nating into and out of systems having parabolic geometry (ref. 1). Separation of the ap-
propriate wave equation (either classical or quantum-mechanical) in parabolic coordinates
results in a differential equation that can be transformed into Weber's equation. The
latter may be written as

2
d_l+(v+l--]-‘-x2)y=0 (1)
dx2 2 4

The solutions to this equation are called Weber functions or parabolic cylinder func-
tions. They are commonly denoted by Dv(x), where both x and v may take on general



complex values. Physically, x usually signifies a distance from the axis of the parabolic
region, while the order v contains other physical properties intrinsic to the system.
Thus, the solutions of greatest interest are those for which both x and v are real.

For physical applications it is convenient to use, as independent solutions to Weber's
equation (1), functions distinguished by their asymptotic behavior. Thus, Dy(x) goes to 0
as x - «, whereas a second solution, which is linearly independent of Dy(x), approaches
infinity as x - «. There is an important connection between this second solution and the
form of the first solution (i.e., of Dv(x)) in the range x <0.

As indicated in reference 2, Weber's equation is defined for complex arguments z.
The asymptotic expansion of DV(z) is valid in the sector of the complex plane given by
|arg z| < 37/4. Note that the negative part of the real axis (arg z = 7) is not in this
region of validity. Thus, the use of the solution to Weber's equation which is valid for
x < 0 will require the second independent solution. This solution may take any of the
forms D_V_l(iz), D_V_l(—iz), or D V(-z). These three forms are not identical, but there
are two features common to each of them: first, the region of validity includes
arg z = m; and second, the forms are linearly independent of Du(z).

For 57w/4 > argz > /4,

i 1)7i .
D (z) ~ evaV(-z) + % o )m/zD_V_l(-m)
and for -7/4>argz> - (57/4),
DV(Z) ~ e-VTTiDV(_Z) + ﬁe-(V+1)7Ti/2D_V-1(iz)

T(-v)

where the symbol ~ means approaches asymptotically.

Because of these properties, one should not substitute negative values of the argu-
ment into DV(X) before carefully examining reference 2 in order to obtain the proper
combination of second solutions which have the behavior desired.

This particular program was developed in order to solve a quantum-mechanical
problem in solid-state physics (ref. 3) by using solutions of Weber's equation for a dense
distribution of v in the interval[1,200] at a fixed value of x (about 12.5). The most
complete tables and discussion of DV(x) which are currently available (ref. 4) cover the
range 1[-5.5,4.5]and x[0,5]. The use of these tables for the range of orders required
would necessitate repeated recursion (see eq. (14)) followed by interpolation. Further-
more, the desired value of x lay outside the covered range. For these reasons, it was
necessary to devise a method for computing Dv(x) for the desired values of v and x.
A FORTRAN IV program which could accomplish this task was written for the Lewis
709411 - 7044 direct-couple system. This report describes a modified program which
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can be used to evaluate DV(x) and (d/dx)DV(x) in the range x[0,30]and {1,200]. Com-
putations are made only for that solution to equation (1) which goes to zero as x — %,

ANALYSIS OF COMPUTATIONAL PROCEDURES FOR THE WEBER FUNCTION

In what follows, the notation of reference 4 will be used. The relations between this
notation and the definitions in the introduction are

a,=-V—.1 (2)
2

U(a’ X) = DV(X) (3a)

In this connection, the following relation will be used in order to compute (d/dx)U(a, x):

iU(a, x)= -2 U@,x) - (a + l)U(a,+ 1, x) (3b)
dx 2 2

Weber's equation in this notation becomes

2
Q—X-<}-x2+a)y=0 (4)

Reasonable procedures for computing values of Ufa,x) and its derivative with an
accuracy of seven significant figures are presented herein. The range covered is
x[0,30]and a[-1.5, -200.5]. Thus, the properties described in this section are only
those which are relevant to this objective. As might be expected, over the range of a
and x desired, several different methods of computation must be used to obtain the re-
quired accuracy efficiently. Discussion of this matter will be facilitated by reference to
figure 1 where that portion of the a, x-plane covering this range has been divided into
various regions. In each region, a distinct method of computation for Uf(a, x) is used.
Following a general description, the different regions will be discussed individually.

General Description of Methods of Computation of U(a, x)

For small values of |a| and x, direct computation of Uf(a,x) by series gives satis-
factory results. The region containing such combinations of a and x is denoted by S
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Figure 1. - Computational regions of Ul(a, x).

on the figure. The rapidity of convergence of the series decreases as ,a, increases, so
that more terms must be used to calculate a given Uf(a, x) to a given accuracy. For these
values of a, the recursion relation for Weber functions can be used to compute Uf(a, x)
with the same accuracy as the series computation but in a shorter time. The region
where this condition prevails is denoted by Rs' For certain combinations of lal and

X, asymptotic expressions exist that can be used to obtain accurate values for Uf(a,x) in
a shorter time than is required by the other procedures. Region Aj denotes the case in
which 4|a| - x2 >> 1 and region Ap denotes the case in which x2 - 4a| >>1. Un-
fortunately, there exists a region for which all the aforementioned techniques, singly or
in combination, fail to give reliable accuracy. This region is denoted by RNG and has :
been omitted from the program. The individual regions will be discussed next.

Region S - Computation of Ula, x) by Series

Region S is defined by the boundaries af[-0.5,-3], 0 = x = 5.5. The even and odd
solutions (denoted by y; and y,, respectively) to Weber's equation (eq. (4)) can be
expressed in terms of hypergeometric functions (ref. 4) as



2 2
el (3o iy ) ®

2 2
Vg = X €Xp (- 54—)11?1(%"*' %; -g-; %) (6)

Then, U(a,x) may be written as
Ufa, x) = Vi ¥y -— Vo Y2 (7)
ol @/2) + (1/4)]P<g+ §> ol @/2) - (1/9)] r(3+ 1)
2 4 2 4

The series expressions for ¥q and yo can be conveniently written in the form

y,6) = n; A, () @)
where
Ao(x) =1
2
2!
and
2 1.2
A2n+2(x) = (Zn " I)JZZn 2 [aAzn(x) + " X AZn-2(x)] (10)

when n =1, and

Y2(x) = 1120 Azml(x) (11)

where



Al(x) =X

3
Azx) =a X (12)
3!

and

2
1.2
A2n+3(x) - (2n + 3}){(2n+ 2) [aA2n+1(x) + Zx A2n—1(x):| (13)

when n=1.

Region R - Extension of Series Computations by Use of Recursion Relations

This region is defined by - (50 + x2)/4 =a=-3.0, 0=x=5.5. The recursion
relation used may be written

U(a-1,x) = xU(a, x) + (a + %)U(aﬂ, X) (14)

and is called the backward recursion relation. From it, a Weber function of order

a - 1 is obtained from two Weber functions of higher order, thatis, a and a+ 1. The
use of the recursion formula still requires that two values of U(a, x) be computed by
series, thatis, U(a, x) and Uf(a+l, x).

It was found that, starting with 8-figure accuracy, equation (14) can be used 30 suc-
cessive times with a loss of accuracy only in the last place. If the corresponding ''for-
ward'' recursion relation (which can be used to obtain higher orders of Uf(a, x) starting
with lower orders) be used, loss of accuracy occurs after the very first use of the re-
cursion formula. However, using double precision, the forward recursion relation may
be used about 15 times and still maintain 6-figure accuracy.

Region A; - Asymptotic Solutions for |a] Large and x Moderate

Region A, is defined as that region for which 4 la] - x2 >50. In this region a
function which will be called asymptotic I is used for computing U(a,x). This function
may be written as



(15)

where

X
9=lf Yax =Y+ |a| sin”!| X »
Y =V|4|a| -x2| (16)
d d
r:-_§+..1_2—...
Y6 Y12
d d
V-=_3"—'9'+
i 9
Y
3
d3=l —+lax 1
al48 2
dg=3x*_2a (18)
4
d9=i -—Lxg-i-ax7-ilg—a2x5+—3—1a3x3- 19a4x (19)
a3 5760 320 320 12
d,, =153 x* _ 186ax? + 8022 (20)
12 3

This asymptotic approximation truncating v, and A after two terms gives 7-figure

accuracy if 16 figures are used in the calculations. It should be noted that the form
of asymptotic I differs from that in reference 4 (p. 690) because of a slightly dif-

ferent definition of Vs



Region AII - Asymptotic Solutions for Large x

At the opposite extreme, where x2 -4 |a| >> 1, a different approximation exists
Wh1ch gives satisfactory results. Region A]1 is defined as that region for which
- 4Ia| > 50. The asymptotic expression used to compute U(a,Xx) in this region will be

called asymptotic II and can be written as

_I(E;a_: exp[-8 + v(a, x)] 21)

Vary

U(a, x)~
where

9=-1-/ de=-1-xY+a1n—ﬁ
2 la’ 4 2(,3,)1/2

d
vla,x) = D, (-1)5 238

s=1 Y3s

and Y, dg, dg, dg, and d;y are given by equations (16) to (20). The accuracy of asymp-
totic II is the same as that of asymptotic I and the same note applies also.

Region R A - Asymptotic II Plus Recursion

Region RAII in figure 1 (p. 4) is a region in which none of the conditions prevail
which would enable the use of any of the preceding four methods of computation to give
accurate results. It is essentially the region between AI and AII but above x =vr
In Rp_, the values of x are too large to enable series computatmns to be made ac-
curately. On the other hand, they are not so large that x - 4|a| > 50. Neither is a
so large that 4,a, - x2 > 50. Fortunately, the use of the recursion relation (14) applied
to starting values of Ufa, x) in region Ay can carry computations through region R Aqy
with acceptable accuracy (7 significant figures).

Region R A" Asymptotic I Plus Forward Recursion

This region is bounded by x = [5.5, V60], - [&Z + 2)/4] = a = - [(x? + 50)/4].



Forward recursion from A; will still give fairly accurate results (5 figures) up to

15 recursions. Therefore, (a,x) combinations in Rp_ can be computed by locating the
point in AI and.then recurring in the forward direction. The smaller the number of re-
cursions, the greater the accuracy of the results.

Region Ryg

This region is bounded on the bottom by x = 5.5, on the right by a = - [(x2 + 2)/4],
by a = -0.50 between x=15.5 and m, by x = Y56 between a = -0.50 and a= -1.50,
by a= [(x2 - 50)/4] between x =V56 and x = \/6_6,- and by x= /60 between a = -2.5
and a = -15.5. For x> 5.5, the accuracy of the series begins to decrease rapidly, and
by x =8, a = -0.6, only the magnitude of U(a, x) can be relied on from the series com-
putations. As explained in the preceding section, the accuracy of forward recursion from
region AI is also not very great after many recursions have been made. If values of
Ufa, x) for (a, x) combinations in Ryg are nevertheless required, the fact that the ac-
curacy decreases as X increases and as la] decreases should serve as a guide.

PROGRAM DESCRIPTION

The subroutine WEBER computes the Weber function and its derivative for any point
in the region a[-1.5, -200.5], %[0, 30]. The subroutine is referenced by the statement
CALL WEBER (XD, AD, V, UP, ISI, IFLAG). The first four arguments of the calling
vector are double precision and the last two are integers. These arguments are defined
as follows:

INPUT
AD a coordinate
XD X coordinate
OUTPUT
A2 Ufa, x)
UP U'(a,x)
ISI exponent of scale factor IOISI of Uand U'

IFLAG indicator showing whether scaling was used or calculation was omitted
IFLAG = 0, no calculation made
IFLAG = 1, no scale factor used
IFLAG > 1, scale factor is IOISI
The structure of the subroutine WEBER is based on locating a specified a,x-
combination in one of the regions of figure 1. The methods of computing U(a, x) in each
region are those described in the previous section. To compute U'(a,x) both U(a,x) and
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Ufa+1, x) must be available (eq. (3a)). In regions S, AI’ or AH’ Ufa+1,x) must be com-
puted separately, but in regions RAI’ RAII’ and RS’ the value comes as a byproduct of

recursion.
An outline of the sectional breakup of WEBER follows. (Refer to the flow charts and

listings in appendixes A and B, respectively, for a more detailed description.)

BLOCK 1 - Constants Defined

Constants used in WEBER as well as in other subroutines through COMMON are
computed and given literal names.

BLOCK 2 - Region of (a, x) Determined

The process by which any input point (a,x) is located in a region of figure 1(p. 4) is
as follows. The case when 5.5 <x < V60 is checked to see if the point (a,x) is in the

special reglons RA or Ryg- In the event that (a,x) is in Ry thatis,
(4la] -x2 < 2 IFLAG is set to 0 and no calculation is made. When

2 < (4|al - X ) < 50, the point lies in RAI and two base points in region A; are picked
at which U is evaluated for use in forward recursion to obtain U(a,x). Program flow is
transferred to BLOCK 6. For points in the other regions, there is the following locating
process. I |a|= [(x2 +50)/4), (a,%) is in region A;. I la| = [(x2 - 50)/4], (a,x) is
in region A]I' The procedure for the remaining possibility where

[(x2 +50)/4]1< |a| < [(x2 - 50)/4] is as follows: if x= - \/‘Eﬁj then (a, x) is in region
R,; if x=5.5 (@,x)isin S if |a| =3, otherwise it is in Rg.

BLOCK 3 - Series Evaluation in Region S
The subroutine SERIES is called in BLOCK 3 for two adjacent points in region S (the

same x coordinate but one unit apart in a). The two values of U are stored for use in
the recursion relation or in the evaluation of U'.

BLOCK 4 - Evaluation by Asymptotic IT in Region A;g

The Weber function is evaluated for two adjacent points in region AII‘ As in BLOCK
3 these values are stored for use in either the recursion relation or for evaluating the

10



derivative. The logic within the DO-LOOP chooses the correct gamma function sub-
routine for the magnitude of a and keeps the same scale factor for both U values when

a < -50.0.
For example, if a = -45.0 and x = 17.6, find Ufa,x) and U'(a,x). Since
R=129.76 and x° > |a|, the program locates (a, x) in AII' Then

a;=a+ 1.0=-44.0
ag =2y - 1.0=-45.0

The DO-LOOP in BLOCK 4 computes U for these two values of a by using asymp-
totic II. The results are

U(-44.0,17.6) = 1.0484715x1019
U(-45.0,17.6) = 1.5357027x1020

Coming out of the loop, a is set equal to ay, which is the original a coordinate.
This condition signals the program to use the two computed values to evaluate U'(a, x).
The result is

U'(-45. 0, 17. 6)= - 1(17.6) U(-45.0,17.6) - (-44.5) U(-44.0, 17.6) = -8. 8484851x1020
2

BLOCK 5 - Evaluation in Regions Rp and Rg

Values of U(az,xl) and U(a2+1,x1) coming from either BLLOCK 3 or BLOCK 4 are
used in the recursion equation to generate the next value U(az-l,xl). When moving
along the line x = X4 in the negative direction in a, Uf(a, x) is evaluated at every point
U(az—n, xl), n=1,2. .., until U(a X ) is found. Then U' @, x) is computed.

For example, if a;é -40.00, x = 12 00 and R = [(12 0) - 4|-—40 OH = 16.0, find
U(a,x) and U'(a,x) when (a,x) lies in R A

It is noted that the point (-40.0,12.0) is closer to region A; than to region A on
the line x =12.0. Nevertheless, AII base points will be used because backward recur-
sion is the accurate one. The two base points for recursion are (-22.0, 12.0) and (-23.0,
12.0).

From BLOCK 4 the following results are obtained:

U(-22.0, 12.0) = 6.0415211x108
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U(-23.0,12.0) = 5.9467925x10"

Applying equation (14) repeatedly gives

U(-39.0, 12.0) = 3. 5549969x10%2

U(-40.0, 12.0) = 2. 2109229x10%3
Using equation (3a) gives

U'(-40.0,12.0) = -6.0 U(-39.0,12.0) - (-39.5) U(-39.0, 12.0)

= 7.7670203x1022

BLOCK 6 - Evaluation by Asymptotic I in Region Ay

In this DO-LOOP as in BLOCK 4, U is evaluated at two adjacent points. These
points (a,x) and (a+1,x) are used in computing U'. The same type of coding as in
BLOCK 4 is used for finding the gamma function and keeping the scale factor consistent.
In case the calculations are made to provide base points for recursion, the following
forward recursion relation is used until U is evaluated for the desired a:

U@-2,x) - xUf@-1,x)

a-1

2

Ua,x) =

The derivative is evaluated by the relation

U'@,x) = %xU(a,x) - Ul@-1,x)

Subroutines

Of the seven subroutines, five are used for evaluating the gamma function. Sub-
routines GAMMA, GAMMAF, GAMMAN, STRGAM, and STRSCL have been developed to
evaluate the gamma function in the range -2 <z <200. The two approximations used
are (1) the series expansion to 26 terms for 1/I'(z) and (2) Stirling's approximation

12



r(z) ~ z(z-1/2)e—z( 21r)(1/2) 1+ 1 + 1 __139 - 571 + . ) (22)
122 988,2  51840z°  2488320z%

Subroutine GAMMA is written to evaluate I'(z) by computing
26 k
E: Ckz for 1=sz=<2
=1

and then taking the reciprocal. The Ck are displayed in the listing for GAMMA. The
maximum error of I'(z) in this range of argument is 2x10"° when 16-place numbers are
used. GAMMA is called by two subroutines; either GAMMAF, which monitors the argu-
ment z = 1, or GAMMAN, which handles nonintegral arguments z < 1. GAMMATF re-
duces the positive argument to within the range of GAMMA and then uses the relation

'@z + 1) = zI'(z) (23)

GAMMAN, on the other hand, increases the argument until it falls within the range used
in GAMMA and uses the relation (eq. (23)) in the negative direction; that is,

r'(z + 1)

r'(z) = (24)

z

STRGAM and STRSCL are altered forms of Stirling's approximation (eq. (20)). Since
I'(z), where z = 1/2 - a, appears in both asymptotic I and II in the form I‘(z)/(27r)1/4,
equation (20) can be rewritten to compute this factor directly by using

z/2 1/2
VT(2) g(5) /4,1, 1 139 __ sm (25)
enl/t \e 122 988,2 5184025 248832022

STRGAM computes this factor for |a|> 10.0 with at least 8-figure accuracy when
16 figures are used.

STRSCL computes the same factor for |a| > 50.0 with the added feature of a scale
factor, since the value of the altered gamma function becomes too large for the computer.

Scaling is done on equation (25) as follows: Let

13



z z
y=2 log o
2 10 e
and
ISI = [y]

greatest integer function. Then ISI, a power of 10, becomes the scale factor and
10.0-15D) replaces (z/e)z/ 2 in equation (25). The ISI is carried back to WEBER in
the calling vector STRSCL.

Scaling of the gamma function is meshed with scaling of the factor exp[-8 + v(a,x)]
in asymptotic II. Whenever the argument [-0 + v(a, X)] approaches the value -88, below
which the exponential would be set to zero, a scale factor is factored from the exponen-
tial and combined with the scale factor of gamma. The quantity

exp [-9 + v(a, x)] is written 10 {['9+ (a’x)] 1°g1oe}

The exponent of 10 is split into the largest integer and a remainder. The integer is com-
bined with S coming from STRGAM to give a scale factor for U, and the value of 10
raised to the remainder replaces exp[-6 + v(a,x)] in the computation of U.

The other two subroutines are SERIES, which computes Uf(a,x), equations (7) to (13)
and DFIND, which evaluates the coefficients dg;, equations (17) to (20).

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, October 5, 1966,
125-23-02-10-22.
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APPENDIX A

FLOW CHARTS FOR COMPUTATION OF WEBER FUNCTIONS AND FIRST DERIVATIVES

BLOCK 1

Set up
constants
for com-
puting

BLOCK 2

IFLAG =0

Return
to MAIN
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BLOCK 3

©

Set A
for first
base point

Do 25
Mm=12

Call SERIES

Evaluate
U(A, X)

Store

U(A, X)

Decrease A
by L0
25

Reset A
for second
base point

Is

Yes

A=Ay
No



BLOCK 4

Set indicator

for scaling
GAMMA
IFLAG =2
No '
Set A
for first
base point
/ Dboa \
M=12 5
Compute Set argument
CHI of gamma
through function
THETA | ARG=1/2- A

Reduce
GAMMA(ARG)

;

Compute .
U(A, X) )

17



18

Call STRSCL

Compute
reduced
scaled
GAMMA(ARG)

Store

scale factor
of GAMMA
as integer

Compute scale
factor of
exponential
with base
10,0

Adjust
scale factor
for second
base point

'

ICompute

Compute
WA, X)

for second
base point

Store
scale factor
in vector




Call STRGAM

Compute
reduced
GAMMA(ARG)

{

Compute scale

factor of ex-
ponential with
base 10,0
¥
Compute scaled Store
U(A, X) for first ———m scale
base point factor

Does’ Compute scale Adjust scale
TFLAG =3 factor of ex- factor for
and ponential with second base
M=2? base 10.0 point
Compute
U(A, X) for
d
Compute second
exponent base point
for base E l
Store first
scale factor
for transfer
in vector
Compute S Decrease 7
unscaled A byl.90
U(A, X) 4
No @
Yes
Set IFLAG =3
scaling
exponential
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20

Reset A

to second
base _poi nt

Compute
UA-1,X
from two
base values

of U

'

Redefine
the two

base val-
ues of U

!

Decrease A
by 1.0

Yes

Compute U'(A, X)
'from the two base +
values of U @
¥
Store U(A X)
for transfer
in calling
vector




BLOCK 6

<
Set A for

first base
point

Do 240
M=12

Compute
CHI
through
ANGLE

!

Set argument
of GAMMA
function

ARG =1/2- A

Call STRGAM

Compute
reduced
GAMMA(ARG)

I

Set indicator
for scaling
IFLAG =2

Compute
U(A, X)

Store scale
factor as
integer

Call STRSCL

Compute
reduced
scaled
GAMMA(ARG)

Compute

for first
base point

Take difference
of the two scale
factors

Compute
U(A, X)

for second
base point

N
Decrease A
by 1.0

U(A, X)

W

>
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Compute
U'(A, X)

Reset A
 to second
base point

Increment A
for forward

recursion

)

Use re-
cursion
until

A = ASAVE

&)

Compute
UYA, X)




APPENDIX B

PROGRAM LISTINGS FOR COMPUTATION OF WEBER
FUNCTIONS AND FIRST DERIVATIVES

MAIN DEBUG

DOUBLEPRECISION Ay XoeUoUP oS¢ AMIN,AMAXsDAs XMAXsDX+SAVE,DABSU,, DABSUP
AMIN = =5.D0
AMAX = —-200.D0
DA = -5.D0
XMAX = 30.D0
DX = 1.D0
A = AMIN

25 WRITE 1641) A.A

1 FORMAT (1H1 6X LHX 7X 2HU{ F6als 3HesX) 10X ZHU( F6.le3HeX}/1HJ)

X = 0.D0
ILJA = 0

50 CALL WEBER (XeAsUeUP+ISI+ISCALE)
IF (ISCALE.EQ.0} GO TD 120
IS =0
4 = 0
DABSU = DABS(U)
IF {DABSU) 60,175.60

60 IF (DABSU.LT.1.DO0) GO TO 300
IF {DABSU.LT.10.00) GO TO 100

C NUMBER 6T 10.0

200 U = U*1.D-1

IS = IS+l

DABSU = DABSIU)

IF {DABSU —-10.D0) 100,200,200
NUMBER LT 1.0
300 U = U¥*1.D1

1S = 15~-1

DABSU = DABSIU)

IF {DABSU~1.D0) 300,100,100
100 DABSUP = DABSIUP)

IF (DABSUP.LT.1.D0) GO TO 400

IF (DABSUP.LT.10.D0) GO TO 700
NUMBER GT 10.0
500 UP = UP¥*1.D-1

4§ = JS+1

DABSUP = DABSLUP)

IF (DABSUP-10.D0) 700,500,500
400 UP = UP%*1.D+1

Js = Js-1

DABSUP = DABS{UP)

IFf (DABSUP-1.D0) 400,700,700
700 IF [ ISCALE.EQ.1) GD 70 75

IS = IS+ISI

JS = JS+IST
75 XX = X

uuv = U

uupP = uUp

IfF (ILJA.EQ.O0) GO TO 118
IS = IS-1IS1
Js = JS-Jsi
WRITE (6423 XXyUUsISeUUP.JS

2 FORMAT (SX Fé4ele 3X FLO0.Ts 11X 1H{ I441H) 3X F10.7+1X 1H( I441H))
GO T0 120

118 WRITE (6,33 IS,dS
3 FORMAT (24X f4, 16X [4)

Js1 = JS
I1s1 = IS
ILJA = 1
JS =0
Is =0

WRITE (642} XXeUUsISsUUP,JS
120 X = X+DX

IF (X-XMAX)} 504504125
125 IF (A-AMAX) 250,2504150
150 A = A+DA

GO TO 25

23



175 XX = X

uu = u
uueP = up
WRITE (642) XX+sUUsISoUUPLJS
GO 70 125
250 STOP
END

SUBRDUTINE WEBER {XDeADsV,UP,ISI.IFLAG)
FOR THE REGION A (-1.5,-200.0)s X {0.0,30.0)
THE CALL ING VECTOR
XD — THE X COORDINATE
AD - THE A COORDINATE
V - UlA, X}
UP — DERIVATIVE OF U{A.+X)
ISI — SCALE FACTOR
IFLAG = 2 OR 3 WHEN 10.0%*S IF USED AS A SCALE FACTOR OF V AND uP
IFLAG = O WHEN NO CALCULATION MADE
COMMON CA3, (B2.LC9.CC7.,CC5,0C3,CC1,CD4,CD2,C00
DDUBLE PRECISION AvASAVE ABSA9 ARGy ANS ANGLE yCHISCHID
¥9yCA3eLB24CLIeCLToCL5,CC34CC14CD4+CD24CD04D3406+D94D12
* yGAMyPIsPI2sPI24sR¢SeTHETAsUsUPsVoVAXeVI o VRP Xe X29XDs AD
* +SAM, TAM,DLOGE+RP
DIMENSION IS(2).ul13)
IFLAG = 1
CCC BLOCK 1 - SETUP DATA
X = XD
A = AD
Pl = 3.141592653589793
P12 = 6.283185307179586
P124 = PI2%%,25
C COMMON CONSTANTS

2N aNaNaNxNa XXzl

CA3 = 1.D0/24.D0
CB2 = 75.D-2

€CC9 = 7.D0/5760.D0
CC7 = 7.D0/320.D00
CC5 = 49.D0/320.D0
CC3 = 31.D0/12.D0
CCl = 19.D0

CD4 = 153.00/8.D00
CD2 = 186.D0

CDO = 80.D0

DLOGE = <43429448190325183D0
ASAVE = A

X2 = X*X

CCC BLOCK 2 - DETERMINE REGION OF (A.X) AND EVALUATION METHOD

ABSA = DABS{A)
IF {X2 —60.D0) 2+4+4

2 IF (X2 -56.00) 3:5,5

3 IF (X-5.5D0) 6,647

4 IF (ABSA .GE.{50.D0+X2)/4.D0} GO TO 200

11 IF (ABSA .LE.{X2-50.D0}/4.D0) GO ¥O 30
A=A +1.D0
ABSA = DABS{A)
60 TO 11

5  IF{ABSA.LE.{X2-50.D0}/4.D0) GO TO 30

13 IF{ABSA.GE.(50.D0 +X2)/4.D0) GO TO 200
IF {ABSA .GE.{X2+2.D0)/4.D0) GO TO 12
IFLAG = O
WRITE{6416)

16 FORMAT (1HO 2X 23HPDINT IS IN BAD REGION 7/ )
RETURN

12 A = A-1.D0
ABSA = DABS(A)
G0 TO 13

6 IF (ABSA.GE.{50.D0+X2)/4.D0) GO TO 200

9  IFLABSA.LE. 3.D0) GO TO 20
A = A+1.00
ABSA = DABS{A)
G0 YO 9

7  IF(ABSA .GE.(50.D0+X2)/4.D0) GO TO 200
IF {ABSA .GE.{2.D0+X2)/4.D0) GO TO 8
IFLAG = O
WRITE (6417}

17 FORMAT (1HO 2X 23HPOINT IS IN BAD REGION / )
RETURN

B A= A-1.D0
ABSA = DABSIA)
GO TO 7
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CCC BLOCK 3 — SERIES EVALUATION IN REGION S
20 A = A+1.D0
DD 25 M=1,2
CALL SERIES [XsA<ANS)
ULM) = ANS
25 A = A-1.D0
A = A+1.DO
IF (A-ASAVE) 60,60,50
CCC BLOCK 4 — ASYMPTOTIC II IN REGION AILI
30 IF (ASAVE.LT.-50.D00) IFLAG = 2
IS{1) = 0
1S(2) = 0
A = A+l.00
00 40 N=1,2
ABSA = DABS(A}
CHI = DSQRT{X*%2-4.D0*ABSA)
CHID = 1.DO/CHI**3
CALL DFIND{X,A,D3,D6,D9,D12)
VAX = —.SDO*DLOG{CHE}+CHID*(~D3+CHID® (D6 +CHID*(~DI+CHID*DL2)) )
THETA = .25D0%X#CHI+A%DLOG ( { X+CHI }/({2.DO*DSQRT {ABSA)})
ARG = .5DO-A
IF (ABSA-10.00) 31,31,32
31 CALL GAMMAF {ARG,GAM)
C POLYNOMIAL APPROXIMATION OF THE GAMMA FUNCTION
GAM = DSQRTIGAM}/PI2&
U(M) = GAM*DEXP(~THETA+VAX})
GO TO 40
32 GO TO (36.33,36), IFLAG
33 CALL STRSCL (ARG.GAM,S)
C SCALEDs, REDUCED STERLINGS APPROXIMATION OF GAMMA FUNCTION
IS(M) = S
SAM = (~-THETA+VAX)*DLOGE
1L = IDINT{SAM)
TAM = SAM-DBLE(FLOAT(IL))
IS(M) = IS{M)+IL
IF (M-2) 34435.34
34 UIN) = GAM¥10.DO®&TAM
GO TO 40
3§ N = IS(2) - IS{1)
TAM = DBLE(FLOAT(N})+TAM
U(M) = GAM®L0.DO**TAM
1S1 = IS(1)
GD TO 40
36 CALL STRGAM (ARG,GAM)
IF (IFLAG.EQ.3.AND.M.EQ.2) GO TO 362
SAM = —THETA+VAX
IF (M.EQ.1.AND.SAM.LT.—88.D0) G0 TO 361
UIM) = GAM®*DEXP[SAM}
60 TO 40
361 IFLAG = 3
SAM = (-THETA+VAX)*DLOGE
IL = IDINT{SAM)
TAM = SAM-DBLE(FLOAT{IL)}
UtM)= 10.DO**TAM*GAM
IS(M) = IL
GD TD 40
362 SAM = {~THETA#VAX)*DLOGE
IL = IDINT{SAM}
TAM = SAM-DBLE(FLOATIIL))
ISIN) = IL
IM = [S(2)-1S(1)
U(M) = GAM®*10.DO%*TAM®10.DO**IM
IST = IS(1)
40 A = A-1.D0
A = A+1.D0
IF (A-ASAVE) 60.60,50
CCC BLOCK 5 - RECURSION EQUATION FOR REGIONS RA AND RS
S0 U(3) = (A+.5DO)*ULL)+X*U(2)
utL) = U(2)
ue2) = Ul
A = A-1.D0
DEBUG A,UL2)
IF (A-ASAVE} 60,6050
60 UP = —.5D0%X*U{2) ~ (A+.500)*U(1)
vV = u2)
RETURN



CCC BLOCK 6 — ASYMPTOTIC I IN REGION Al
200 IF (A.LT.-50.D0) IFLAG = 2
A = A+l.D0
D0 240 M=1.,2
ABSA = DABS(A)
CHI = DSORT(4.DO0*ABSA—-X*X)
CHID = 1.D0/CHI**3
CALL DFIND(XsA¢D3,D6,D9,D012)
VRP = CHID*CHID*{-D6+D12*CHID*CHID)
Vi = CHID*{D3-D9¥CHID#CHID)
THETA = .25D0%X*CHI+ABSA*DATANIX/CHI)
ANGLE = {(THETA#+VI+PI*{.25D0+.5D0%A))
ANGLE = DMOD(ANGLE,.PI2)
ARG = .5D0-A
GO TO (205.210). IFLAG
205 CALL STRGAM{ARG.GAM)
UIM) = 2.DO¥GAM*DEXP{VRP} /DSQRTICHI )*DCOS{ANGLE)
GO 1O 240
210 CALL STRSCL (ARG+GAM+S)
IS(M)} = S
{F (M-2) 220,230,220
220 UM} = 2,.DO*GAM*DEXPI{VRP)/DSORTI(CHI}*DCOS{ANGLE)
GO TO 240
230 N = [S(2)-IS(1)
UIM) = 2.D0%GAM*10.D0*#N*DEXP{VRP) /DSQRTLCHI ) *DCOS (ANGLE)
IS1 = IS(1}
240 A = A-1.D0
A = A+l.DO
IF (A.EQ.ASAVE) GO TO 260
C FOREWARD RECURSION FDOR REGION RAI
A = A#1l.D0
245 U(3) = {U(2) - X*Ul1)}/(A+.5D0)
A = A+l.DO
IF (A.EQ.ASAVE) GO TD 250
utz2) = U1}
uLr) = U3}
GO 10 245
250 UP = .S5DO*X*U(3}) - Ull)
vV = Ul3)
RETURN
260 UP = —.SDO*X*¥U(2)-{A+.5D0)*U(1}
vV = Ut2)
RETURN
END

SUBROUTINE SERIES {XeAsANS)
C COMPUTES UfA,X) BY EVALUATING SERIES YL AND Y2

DIMENSION CZERO{(1),C{1000)

DOUBLE PRECISION A¢ARG+ANS+C,CZEROsCYONE »CYTWOLERRDRoFNyGAM
* o PI2+TWOATWO49Xe X249 YONE+YTWOCARGs SONELSTHWO

P12 = 1.772453850905516

TWO4 = 1.189207115D0

ERROR = 1.,D-10

SONE = 0.D0

STWO = 0.DO

X2 = X*X

CZERD = 1.D0

ctl) = X

Cl2) = A¥X2/2.D0

C{3) = A%X2*X/6.D0

YONE = CZERO+C(2)

YTWO = C(L1}+C(3}

DO 100 NT = 2,900,2

FN = DBLE(FLOATINT))

CINT#2) = X2/((FN+1.DO}*(FN+2.D0) ) *(AXCINT)+.25D0¢X2*C{NT~-2)})
CINT#3) = X2/((FN+2.D0)*{FN+3.D0) ) *(ASCINT+1)¢.25D0%X2*C(NT-1))
YONE = YONE+C{NT+2)

YTWO = YTWO+CINT+3)}

IF (DABS{YONE-SONE) — ERROR} 99,99,101

99 IF (DABS{YTWD-STWO) - ERROR) 110,110,101

o



101

100
110

120
130

140

150
160

170

SONE = YONE

STHNDO = YTWO

CONT INUE

ARG = .5D0%A

TWOA = 2.D0%*%ARG

ARG = .75D0+.5D0%A

CARG = DBLE(FLOAT{IDINT(ARG)}}
IF (ARG-CARG) 130.+120,130
CYONE = 0.D0

GO TD 140

CALL GAMMAN(ARG.GAM)

CYONE = PI2%YONE/{TWO4*THWOA®GAM)
ARG = .25D0+.5D0%A

CARG = DBLE(FLOAT{IDINT(ARG))}
IF (ARG-CARG) 160,150,160
CYTHD = 0.DO

GO TQ 170

CALL GAMMAN (ARGsGAM)

CYTHD = PI2¢TWO4*YTWO/{THDA®GAM)
ANS = CYONE-CYTWO

RETURN

END

SUBROUTINE DFIND(X,A,D3,06,09,012)

COMMON CA3, CB2,CC9,CC7,CC5,CC3,CC1,CD4,CD2,CD0

DOUBLE PRECISION XsA,D3,D6,4D9,D12,A2,X%X2,CA3,(82,(C9,CC7,CC5,CC3
e , CCl,CD4,CD2,C00

A2 = A=A

X2 = X=X

D3 = .5D0#X#{CA3=X2+A)/A

D6 = (B2#X2-2.D0=A

D9 = ((((-CCO9nX2-CCT#A)#X2-CC5#A2) #X2+CL3#A2nA)#X2=~ CCL #A2%A2) %X

® /({A2%A)

D12 = X2#(CD4#X2-CD2=A)+CDO=A2
RETURN

END

DOQUBLE PRECISION FUNCTION GAMMA(X)

DOUBLE PRECISION Z,C1,C2,C3,C4,C5,(6,(7,C8,09,C10,C11,C12,C134C14,
A C154C164C17,C18,C19,020,C21,C22,C23yC24,C25,C264,RECIPRyX
DATA C14€2,(3,C4,C5,C6,4C7,C8,C9,C10,C11,C12,C13,C14,C15,C16,C17,
c18,4C19,€20,C21,C22,C23,C24,C254C26 /1.0C00000000000000D0,
0.5772156649015329D0,-0.6558780715202538D0,-0.042002635034095200,
0.1665386113822915D0,-0.0421977345555443D0,-0.0096219715278770D0,
0.0072189432466630D0,-0.0011651675918591D0,-.0002152416741149D0,
0.,0001280502823882D00,-0.000020134854780700,~0.0000012504934821D0,
0.0000011330272320D00,-0.0000002056338417D0,0.0C0000006116095000,
0.0000000050020075D0,-0.0000000011812746D0,0.0000000201043427D0,
0.0000000000077823D0,~0.00000000000636968D0,0.0000000000035100D0,
-0.000000000000020600,-0.000000060000005400,0.0000000000000014D0,
0.0000000000000001D0/

Z =X

IF (ZaLTe1.D0.0ReZ+GT42.D0) STOP
RECIPR = Z#{(Cl+Z#(C2+Z%(C3+Zn(Ca+Zn((S5+71%(COH+Z%#{CTHZ2(CB+Z22(CIO+

=~ IOTMTMOUOEP>D>

A Z#(CLlO+Z#(CL1+Z»(CL2+4Z#{CL3+Z2#{CLl4+Zn(C15+2#(CLl6+Z#(C1T+
8 Z#(CLl8+Z#(CLlI9+Z#(C20+2#(C214+Z»(C22+Z»(C23+4Z2#(C24+Z2{C25+
C Z=C260 101NN NN NN

GAMMA = 1.000/RECIPR

RETURN

END
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SUBROUTINE GAMMAF (X,GAM)

FOR POSITIVE VALUES OF X GREATER DR EQUAL TO 1.0

10
15

20
30
35

40

FO

10
20

30

Cco

80

Col
A

10

20

DOUBLE PRECISION XyZ,ARGyGAM,GAMMA
=X

ARG = Z

IF {ARG-2.D0) 20,20,415
ARG = ARG~-1.0D0

GD TO 10

GAM = GAMMA({ARG)

IF (ARG-Z) 35,40,35
GAM = GAM#ARG

ARG = ARG+1.D0

60 TO 30

RETURN

END

SUBROUTINE GAMMAN (X,GAM)

R NON-INTEGRAL VALUES OF Z RANGE (-33.0,1.0)
DOUBLE PRECISION X,2,ARG,GAM,COEF,GAMMA
Z =X
IF (Z) 10,545
ARG = Z+1.00
GAM = GAMMA(ARG)/Z
RETURN
COEF = 1.00
COEF = Z»COEF
L = [+]1.00
IF (Z-1.D0) 20,20,30
GAM = GAMMA(Z)/COEF
RETURN
END

SUBROUTINE STRGAM (Z,ANS)
MPUTES SQRT(GAMMA(Z))/(2.%PI)»%,25

DOUBLE PRECISION ZyANS+AsByCyDyEoSERIES,Z14POW
DATA A,B+C,D/83333333333333333.0-18,34722222222222222.D-19,
A 26813271604938272.0-19,22947209362139918.D-20/
DATA E /2.7182818284590452/

POW = Z2/2.00L0

Zl = 1.0D0/Z

SERIES = 1.000+Z1%(A+21#(8~Z1%{C+Z1#D)1}}

ANS = (Z/E)%#*POW/Z#%.25D0#DSQRT(SERIES)

RETURN

END

SUBROUTINE STRSCL (ZyR+S)
MPUTES SQRT{GAMMA(Z))/(2.#P1)##,25 WITH SCALING FACTOR S AS
POWER OF 10.0

DOUBLE PRECISION Zy2Z14A4ByCyD9E,SERIES,SoPyZE,R

DATA A,8,C,D/83333333333333333,D-18,34722222222222222.0-19,
* 26813271604938272.D-19,22947209362139918.D-20/

DATA E /2.7182818284590452/

1 = 1.000/2

SERIES = 1.0D0+Z1%(A+Z1#(B-Z1=*(C+Z1%D}))

S = G.00

LE = DLOG1O(Z/E)
P = Z/2.DO*1E

S = $+1.D0

P = P-1.D0

IF (P-1.D0) 20,10,10

R = 10.,D0##P*DSQRT(SERIES)/Z=#,25D0
RETURN

END



APPENDIX C

TABLES OF THE WEBER FUNCTION AND ITS FIRST DERIVATIVE

The following tables list Dy(x) (U(a, x) column heading) and (d/dx)DV(x) (U*(a,x) col-

umn heading) at intervals of 1in x and 5in v.
the number at the top of each exponent column to the exponent of each individual entry.

X Ut =5.04X) Ul -5.0¢X) X Ul —10.0+X)} U'l ~10.04X)
[¢] (o] 2 3
0. 3.0521837 | [o}) 648415762 0) 0. -3.7799709 ( 0) 1.1960745 ( 0)
1.0 5.7992601 { -1) —-9.4555887 { o) 1.0 347675627 | 0) -1.1949964 ¢ 0}
2.0 -4.1865842 { 0) 3.3663954 | 0) 2.0 -4.1101075 { 0) 1.0804553 ( o)
3.0 3.2021291 ( 0) 6.8170127 o) 3.0 5.0326142 | [o}] —-7.1888978 ( -1)
4.0 5.0331933 ( 0) —2.3677349 | 0) 4.0 —6.0616342 ( 0) ~7.8046901L ( -2)
5.0 1.8799768 ( o) -2.6935859 | 0) 5.0 4.0529365 ( 0} 1.1308804 ( o
POINT IS IN BAD REGION 6.0 6.5793091 {( 0) -4.3712358 { -1)
POINT IS IN BAD REGION PO1 IS IN BAD REGION
8.0 1.1456761 ( -3) —3.8993322 { -3) 8.0 2.0577253 { -1} ~543459455 ( -2}
9.0 2.8559484 { —5) -1.1357113 { -4) 9.0 L.0686247 ( -2) -3.5316828 | -3)
10.0 440491466 (| -T7) -1.8355745 ( -6} 10.0 2.8258753 ( -4} ~1.1171334 § -4}
11.0 3.3102931 { -9) ~1.6811175 ( -8) 11.0 3.9826571 ( -6) ~1.8185412 { -6)
12.0 1.5756262 ( —-11) ~B8.8479091 ( -11) 12.0 3.0790628 ( ~8) —1.5874445 | -8)
13.0 43974120 (| -14) -2.7028308 ( -13) 13.0 1.3318242 ( —10) ~7.6294212 ( —-11)
14.0 7.2347562 ( —-1T7) —~4.8274995 { —16) 14.0 3.2690072 ( -13) —-2.0559890 ( -13)
15.0 7.0459403 ( -20) -5.0696986 { —-19) 15.0 4.6018429 { ~16) -3.1480659 ( —-161]
16.0 4.0754359 ( -23) —3.1441223 { -22) 16.0 3.7458023 { ~19) -2.7663513 ( -19)
17.0 1.4037342 { ~26) ~-1.1555568 ( —-25) 17.0 1.7744241 { -22) ~1.4060121 ( -22})
18.0 2.8854817 ( -30) —-2.5240025 ( -29) 18.0 4.9172834 ( -26) -4.1588659 { -26)
19.0 3.5461783 ( -34) -3.2840529 ( —-33) 19.0 8.0055994 { ~30) ~7.1951735 ( -30}
20.0 2.6095865 ( —38) -2.6095865 ( ~37) 20.0 7.6841260 { ~34) —T7.3110480 { —-34)
21.0 0. ( 0) -0. { 0) 21.0 4.3612678 ( -38} -4.5793312 ( —-38}
22.0 0. ( 03] -0. ( [e}]
X Ul —-15.0¢X) U't ~15.0,X) X Ul -20.04X) U't =20.0.X)
5 5 8 8
0. -1.8569056 { 0) ~7.1937571 { 0) O. 2.1958943 ( o) -9.8218701 ( 0)
1.0 2.6317424 | Q) 6.6710645 { -1) 1.0 1.5923444 | Q) 1.1911176 ( 1)
2.0 —-2.2158064 { 0) 5.5473151 | 0} 2.0 -3.0617271 { 0} 3.1032601 ¢ [¢}]
3.0 1.2027618 { Q) -8.7388111 ¢ 0) 3.0 6.0073639 { -1} -1.3230133 { 1)
4.0 -4.0493298 ( -1) 9.3030182 | [o}] 4.0 2.3168492 { 0) 9.3812065 { 0)
5.0 349777795 ( -1} -8.7929832 { o) 5.0 -3.4021392 ( 0} —9.8485444 L+ -1
6.0 -1.7039120 { 0) 6.7417567 0) 6.0 3.4226960 ( 0} ~3.5141685 | 01
7.0 3.9126172 | o) 8.8378327 ( -1) 7.0 -3.8053587 ( 0} 2.2964628 « c)
8.0 1.8565878 0) —2.7401312 ( 0) 8.0 4.1397769 { 0} 4.9263846 | [¢}]
9.0 2.5128416 { -1) -6.2181926 ( -1) 9.0 3.0034166 { 0) -3.8819360 |{ O3
10.0 1.4010081 { -2) —-445933533 ( -2) 10.0 4.4734779 { -1) -1.0933756 { (3]
11.0 3.6757464 [ —4) —-1.4671970 ( -—3) 11.0 2.4655423 ( -2) ~8.19906025 { =-2)
12.0 4.8632681 ( -6) —2.2624029 ( -5) 12.0 6.0068592 ( -4} —2.4566335 ( -3,
13.0 3.3847003 { -8) -1.7866440 | -7) 13.0 7.0638259 ( -6) -3.3821269 ( -5
14.0 1.2746504 ( -10) -7.4970285 { -10) 14.0 4.2257338 { -8) —2.3000107 ¢ -7
15.0 2.6501545 ( —13) -1.7139929 ( -12) 15.0 1.3315317 [ ~-10) ~B8.0847007 { -10}
16.0 3.0877971 ( -16) -2.1739371 ( ~15) 16.0 2.2651354 ( —-13) -1.5126931 | =12}
17.0 2.0394185 { -19) -1.5506080 { ~18) 17.0 2.1187084 ( —-16) —1.540023« ( —15:
18.0 7.7C49507 ( -23) —-6.2856161 ( -22) 18.0 1.1050414 ( -19) -B.6710802 { -19)
19.0 1.6772477 ( —26) -1l.4602201 ( —-25) 19.0 3.2495421 ( -23) —2.7345237 ( =-22¢
20.0 21162772 ( -30) -1.9573032 ( -29) 20.0 5.4359105 ( -27) ~%.8789141 { -2&'
21.0 1.5553965 { —34) -1.5222734 ( -33) 21.0 5.2107553 ( -31) —~4.9652966 { -3D
22.0 6.6866087 { —~39) ~6.9015622 { -38) 22.0 2.8796842 ( -35) -2.901852% | -3«
23.0 1.6873243 { -43) —1.8311915 { -42) 23.0 9.2220098 ( -40) ~9.7940708 { -39,
24.0 2.5068728 { -48) ~2.8530711 ( —~47) 24.0 1.7188296 ( —44) =1.918151% [ —s3)
?25.0 2.1985814 { —-53) —-2.6178340 { -52) 25.0 1.8715017 { -4N —~?2.1888112 { —u8&:
26 .0 1.1408229 [ -58) —1.4181251 ( —-57) 26.0 1.1942745 { -54} -1.46039%3 | =53
27.0 3.5093471 | —-64) ~4.5455334 { —-63) 27.0 44792135 L -60) —S. 7147984 { -%9)
28.0 6.4110844 { —~70) —B8.6376010 { —-69) 28.0 9.8983054 { -66) ~1.31%122% ( —te)
29.0 6.9664549 ( -76) ~9.7472657 { ~75}% 29.0 1.2916168 ( -71) =-1.783997% | -70)
30.0 4.5089107 ( -82) -6.5420684 ( -81) 30.0 9.9716315 { —-78) —1.429% 086 { -7&!

The true exponent is obtained by adding
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X Ul —25.04X)
0. 4.9624999 (
1.0 —3.4077701 {
2.0 —6.8212472 (
3.0 1.0666866 |
4.0 7.2127171
5.0 —-3.1322989 (
6.0 —4.4556876 (
7.0 7.9038132 {
8.0 -—8.9489181 {
9.0 8.4193877 (

10.0 7.5532734 {

11.0 1.1015971 (

12.0 5.5346743

13.0 1.1764943 I

14.0 1.1690888 {

15.0 5.7623740 {

16.0 1.4651922 ( -
17.0 1.9760996 ( -
18.0 1.4431875 { -
19.0 5.7988961 { -
20.0 1.2981864 ( -
21.0 16357127 ( -
22.0 1.1697092 { -
23.0 4.7804623 ( -
24.0 1.1231359 ( -
25.0 1.5245440 { —
26.0 1.2007856 ( -
27.0 5.5085137 ( -
28.0 1.4766186 { -
29.0 2.3196273 { -
30.0 2.1408761 { -

X U{ —35.0eX)
0. -1.0833050 {
1.0 -6.1395058 {
2.0 7.3659544 |
3.0 7.5629253 (
4.0 1.4351793 1
5.0 1.4926257 |
6.0 2.3177205 |
7.0 -1.5905633 I
8.0 —4.0913528 (
9.0 1.7734731 {
10.0 -2.0908619 {
11.0 2.3048476
12.0 1.3627638 (
13.0 1.3848458 |
14.0 4.6781050 {
15.0 6.4433721
16 .0 4.0129146 {
17.0 1.2036196 {
18.0 1.8141595 {
19.0 1.4168036 {
20.0 5.8666711 {
21.0 1.3112900 (
22.0 1.6048534 ( -
23.0 1.0880621 (
24.0 4.1260692 | -
25.0 B.8225764 ( -
26.0 1.0710593 {
?27.0 74259299 {
28.0 2.9554518 {
29.0 6.7821395 {

30.0 9.0090456 {

30

11
Q)
0)
[¢}]
e} ]
0}
0)
0)
0)
0)
0)
0)
0)

=-2)

-3)

-5)

-8}

10)
13)
16)

20)

23)

217)

31)

36)

40)

45)

50)

56)

611}

67}

73)

19
0)

U'l —25.04,X)

12

2.4814978 ( 0)
3.0608274 | 0)
~9.5437977 { -1}
-3.3879421 { o)
6.1653653 { —1}
2.9606545 | 01
-2.6048033 | [*}]
9.5945013 { -1
—4,8909757 { -1)
1.5803454 { 0)
—-9.4899257 ( -1}
—2.7629839 { -1)
~-1.9054864 { -2)
—-4,9924685 { —4)
—-5.8102166 { -6)
—3.2551544 & -8}
—9.2241396 { —11)
—-1.3671270 { ~-13)
-1.0857263 { —16)
-4.7051433 { -20)
-1.1285611 { -23)
—1.5152768 { -27)
-1.1494105 ( —-31)
-4.9634815 ( -36)
~1.2280173 { -40)
-1.7502021 ( -45)
-1.4436445 ( —50)
—-6.9194309 ( ~56)
-~1.9339440 { -611}
-3.1616939 { -67)
-3.0316617 ( -73)

Ul =35.0,.X}

19

~6.4092458 { 0}
—8.2945639 ( 0}
-8.9984686 0}
~7.7848532 ('3}
-3.6455996 { o)
3.2569963 | o)
8.3386467 | [} ]
2.8825511 0)
~T7.5962487 1 0}
2.7592266 | [0}]
-1.4002044 { -1)
2.6729187 ( 0)
-2.1892107 { Q)
-3.9966021 ( -1}
-1.8051870 | -2)
-3.0250016 ( =4}
-2.1880155 ( -6)
=-7. 4134721 { -9)
—1.2391771 ( -1
-1.0591406 { —14)
—4.7522310 { -18)
-1.1420431 { -21)
-1.4933805 { -25)
~1.0761968 { -29)
-4.3190473 ( -34)
-9.7375023 { -39)
-1.2424293 [ —43;
~9.0280807 { —49)
-3.7564544 { -54)
-8.9923259 { -60)
-1.2435851 { -65)

X U{ -30.0.X) U'l -30.0+X)

15 16

0. -1.8741512 0) 1.0265861 ( )
1.0 -2.6549715 { 0) -4.1377011 ( -2)
2.0 -1.6888622 ( o) -1.1172806 { 0)
3.0 71614698 ( -1} =-1.3719444 { 0}
4.0 2.6877589 | 0) -2.8397018 ( -1)
5.0 1.3161185 ( 0} 1.2134438 Q)
6.0 -2.5285032 | 0} 6.3943835 { -1
1.0 ~6.1379063 { -1) -1.2500496 ( [0} )
8.0 2.7854999 { 0) 621357149 ( -1)
9.0 —3.4310635 { 0} —2.6135907 { -1}
10.0 3.3641100 ( 0) 6.1121024 ( -1)
11.0 2.7673977 { 0) ~3.7889651 { -1)
12.0 3.5327418 ( —-1) -9.3959173 { -2}
13.0 1.5025105 ( -2) -5.4441360 { -3)
14.0 2.6344511 ( —4&) -1.1716193 { =—4)
15.0 2.1140856 { -6) -1.0978477 t -6)
16.0 8.2658277 { -9) —4.8674681 ( -9)
17.0 1.6417056 { -11) -1.0752479 ( —-11)
18.0 1.7063306 ( -~14) —-1.2260073 ( —-14)
19.0 9.4893221 ( -18) -7.4027610 { -18)
20.0 2.8725435 { -21) —2.4135242 { 21}
21.0 4.7981538 ( -25) -4.3138946 ( -25)
22.0 4.4714994 ( ~29) ~4.2789777 { -29)
23.0 2.3461594 1 -33) ~2.3789724 ( —-33)
24.0 6.9838371 ( -38) —7.4749995 { -38)
25.0 1.1870327 { -42) -1.3366895 { —-42)
26.0 1.1583997 { —-47) —1.3684327 ( —-47)
27.0 6.5215251 { -53) -B.0612992 ( —-53)
28.0 2.1268380 { -58) ~2.7447113 ( -58)
29.0 4.0326576 { —-64) ~5.4222241 ( —64)
30.0 4.4597567 ( -T70) -6.2362686 { —70)

X Ul —40.0.X) U'l —40.0+X}

22 23

0. 9.0065926 { 0) ~5.6964918 { o)
1.0 846992992 { 0) ~-5.8805156 0}
2.0 8.7845715 | 0) ~5. 8240818 { 0}
3.0 9.6220399 { 0) -5.2909337 ( 0)
4.0 1.1323639 | 1} -3.9091195 { 03]
5.0 1.3140763 ( 1) -1l.1281611 (3]
6.0 1.2283640 | 1} 3.2472417 0}
7.0 3.7451150 ¢( 0) 7.0948651 | o)
8.0 -1.1518383 { 1) 442444201 o)
9.0 -8.8182141 | 0) -5.5502557 | o)
10.0 1.6212810 ( 13 -3.7468258 ( -1)
11.0 -1.6155325 ( 1) 2.3276019 { 0}
12.0 2.2109229 ( 1§ T.7670202 ( -1}
13.0 8.2941046 I 0) -1.6039685 { [0} ]
14.0 6.2376245 { -1) -1.9788606 ( -—1)
15.0 1.5881339 ( -2} —6.5751489 ( -3)
16.0 1.6487175 { -4) —-8.2098670 ( -5)
17.0 7.7008089 ( ~-7) —-4.4228202 { -T)
18.0 1.7208765 ( -9) -1.1111879 { -9)
19.0 1.9190248 ( -12) -1.3692999 { ~12)
20.0 1.1011391 { -15) -8.5748106 ( -16)
21.0 3.3276742 ( —19) -2.8014325 ( —19}
22.0 5.3937824 [ -23) -4.8725922 ( -23)
23.0 4.7583361 ( -27) -4.95849766 ( -27)
24.0 2.3122123 { -31) —-2.3646398 ( -31)
75.0 6.2508326 { -36) -6.7563342 ( -36)
26.0 9.4805360 ( —-41) -1.0791613 ( —40)
27.0 8.1249849 [ -46) -9.7097681 ( —46)
28.0 3.9589921 ( ~51) -4.9536349 ( -51)
29.0 1.1026676 { —56) -1.4411008 { -56)
30.0 17637519 ( -62) -2.4025282 ( -62)




Ul —45.0¢X)

U'l —45.04X)

COD~NOPWVHWN=~O
EEEREEEERER

COQO0OO0OOOo0O0O0

-
[

12.0
13.0
14.0
15.0
16.0
17.0
18.0
19.0
20.0
21.0
22.0
23.0
24 .0
25.0
26.0
27.0
28.0
29.0
30.0

o 8 8 4 & 2 0 b

O0OO0OQOOLOOOO00OO00
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-
FUWUN=TODOXNDPPNSWN~D

15.0
16.0
17.0
18.0
19.0
20.0
21.0
22.0
23.0
24.0
?5.0
26.0
27.0
28.0
29.0
30.0

27 27

1.0283592 { 0) 6.8986560 ( 0)
1.3596847 0) 3.4940344 | 0)
1.4623417 ¢ 0} -1.3923169 { ~-1)
1.3976819 ( 0} -3.0298377 ( 0)
1.2972201 ( 0} -4.6591374 0)
1.2890117 ( 0) -4.8716425 0)
1.4272773 |( 0) -3.4039985 { [¢H]
1.5735181 { 0) 3.6004787 | -—-1)
1.1783641 ( 0) 600521923 o0
~4.7099249 ( -1} 8. 0480465 [¢2]
~1.7205196 ¢ [1}] -2.1600330 ¢ 0)
1.3766985 ( 0) -5.0241227 |{ o)
-1.0102552 ( 0) 5.6317064 | 0)
2.5443538 ( 0) -1.0507478 { o)
5.7741230 1t -1) -1.3400708 { 0)
3.0481712 ( -2) -1.0685702 ( -1}
5.6097215 { -4) —-2.5014861 t -3)
4.2410890 { -6) -2.2460139 ( -5)
1.4429446 ( -8) ~8.7460197 ( -8)
2.3425040 ( —-11) -1.5878690 ! ~-10}
1.8901902 ( -14) -1.4102948 { -13)
7.8126687 ( —-18) -6.3420152 ( -17)
1.6927233 ( -21) ~-1.4817603 ( —-20)
1.9578555 ( -25) -1.8351981 ( —24)
1.2268165 { —-29) ~1.2243644 ( -28)
4.2154914 ( -34) —-4.4580800 ( —-33)
8.0239375 { -39) —8.9560226 { —38)
845334324 ( —44) -1.0018143 { -42)
5.1079458 ( —-49) ~6.2885502 ( -48)
1.7318531 { -54) -2.2300783 ( -53)
3.3444069 { -60) ~4£.4939419 { -59)

Ul -55.0sX) U'l ~55.04 X}

35 36

-3.0312102 | 0) —-2.2480520 0)
-4.0429030 o) 1.0645264 0)
-5.7928758 ( -1} 3.1356477 0)
3.3679785 { 0) 1.9809633 ( 0)
4.2410118 0) -T+4390292 ( -1}
2.2964008 ( 0) —-2.6323972 { 0}
-2.5187638 { -1) -3.0359684 { 0)
-1.9345973 | 0) -2.7078851 ( 0)
-2.4452225 0) —-2.4921353 ( 0}
-1.6188034 0} —-2.6743404 { 0)
1.2173437 { 0) -2.6447533 { o)
5.0338852 { ) ~6.8354977 { -1)
1.3577904 ( 0) 2.3761128 | 0)
-%.4801198 ( 0) -1.0825909 | o)
643250470 { 0) 1.1112163 | [0}]
4.0287138 | 0) -7.0511566 ( -1)
3.2380931 { -1} —-1.0342298 ( -1}
7.6144602 { -3) -3.2508981 ( -3)
6.6823465 ( -5) -3.4632084 { -5)
2.4737526 { -~-7) ~1.4849999 { -T)
4.1636350 { -10) -2.8158062 ( —10)
3.3525015 ( -13) -2.5076570 ( -13)
1.3398144 ( ~16) -1.0939984 ( -16)
2.7328794 | —-20) -2.4120719 ( -20)
2.9079545 (| -24) -2.7530961 ( —24)
1.6427406 ( ~-28) -1.6580177 ¢ -28)
4.9981788 { —33) -5.3507752 ( —33)
8.2893465 { —38) -9.3727024 { —-38)
7.5698932 ( -43) -9.0074713 ( —-43)
3.8395049 ( -48) ~4.7929342 ( —48)
1.0897249 ( —-53) —1.4232242 { -53)

OVTNOWVMHWNMO
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11.0
12.0
13.0
14.0
15.0
16.0
17.0
18.0
19.0
20.0
21.0
22.0
23.0
24.0
25.0
26.0
27.0
28.0
29.0
30.0
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13.0
14.0
15.0
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17.0
18.0
19.0
20.0
21.0
22.0
23.0
24.0
25.0
26.0
27.0
28.0
29.0
30.0

Ul =50.0¢X)

-1.5558194
-7.1261448
1.4967401
2.2000074
2.0564914
1.5298513
1.1244797
1.1580953
1.7432210
2.4826110
1.5982669
-2.1587107
-2.4195505
8.5763234
3.1791695
4.3000416
1.5350546
1.9760228
1.0575711
2.5571809
2.9510315
1.6899844
4.9447371
7.5606650
6.1509286
2.7017083
6.4850633
8.5938532
6.3418883
2.6256486
6.1382324
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0)
-3)
0)
[+}]
0)
0)
0)
[1}]
0)
0}
0)
[+2]
-1)
-1)
0)
-1}
-2}
-4}
-6)
-9)
-12)
-15)
=19}
-23)
-27)
-31)
-36)
-41)
-46)
-51)
-57)
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U'{ —=50.0.X)

1.1001579

1.5539003

1.1403240

2.3487673
-6.1121667
-1.1115303
-1.2916277
-1.2610801
-9.76151173
-1 7295799

1.0439183

7.6012257
-1.1319531

9.6887016
-3.5233672
-1.1805804
-%.9471125
~-9.5020409
-5.9630836
~1.6371635
-2.1012482
-1.3190652
—4.1854970
—-6.8831422
-5.9830596
—2.7927626
~T. 0920015
~9.9047772
-7.6780835
-3.3297268
-8.1332351
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0}
0}
0)
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0}
0)
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-1)

-1)
[¢1]

-1
0}

-1

-1}

-1)

-3)

-5}

-7

-9

-12)
-15)
-19)
—23)
=-27)
-31)
-36)
~41)
-46)
-51)
-57)

U{ —-60.0eX)

7.4303740
-6.5498150
-9.1232682

3.2940353

1.0690721

445733024
~5.4335510
-1.0612679
-1.1154765
-1.0820338
-1.1752947
-1.1638556
-1.2848317

1.4226375
-1.3080283

1.9781022

4.9206260

2.3523240

3.5767580

2.0973628

5.2694353

6.0667558

3.3542165

9.2187147

1.2933471

9.4589336

3.6680642

7.6488262

8. 6780961

5.4108177

1.8699605
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0}
0)
0)
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0}
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1)
1)
1)
1)
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1)
1)
1}
0)
-1)
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( -21)
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« -30
{ -35)
{ -40)
{ —45)
{ -50)
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U'{ —60.0+X)

~5.7556429
643639948
4.0692888
7.6659752,
-3.9544761
~7.1687600
-6.7923079
-2.3264053
1.3833340
2.6867304
1.4578823
-2.5728723
-6.4521703
3.8141584
2.8802921
-2.0066543
-1.1590396
—8.6038326
-1.6756152
-1.1695436
-3.3649679
—4.3317877
-2.6346791
~7.8722633
~1.1899574
-9.3104064
-3.8404512
-8.4780775
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-5}
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X Ul —65.0eX) U'l —65.0,X} X Ul —70.04X) Ut —=70.0,X)

44 45 48 49

O. 2.2477224 | 0) 1.8121986 | 0) 0. -8.2550175 ( o) 69067312 | 0}
1.0 1.7494952 { 0) -2.1382603 { 0) 1.0 11237285 { 1) 2.6769304 { o)
2.0 -2.9265717 0) —1.0188632 {( [+}] 2.0 -2.3291853 { 0) —9.5391145 { 0)
3.0 -9.4912874 { -1) 2.4259866 (" 0) 3.0 -9.5953097 { 0) 5.6054814 | 0)
4.0 3.0987539 { 0) 7.1333867 { -1} 4.0 9.5954323 { 0) 5. 6526650 | a)
5.0 1.2665507 ( 0) -2.3012474 { 0) 5.0 4.9124843 Q) —B8.6936119 ( 0)
6.0 —-2.5746434 { 0) -1.5475418 { 0) 6.0 -1.1233594 { 1) -3.4895772 { 0)
7.0 ~3.0608147 { 0) 9.8222766 { -1) 7.0 -6.1182044 ( 0) B. 0554454 0}
8.0 -1.0099566 ( 0) 2.2789620 | 0) 8.0 T. 7497735 ¢ 0} 7.1811961 ( o)
9.0 9.1606771 { ~1) 2.2549689 ( 0} 9.0 1e2711297 | 1) -1.7410197  -1)
10.0 1.7045736 ( 0) 2.0029318 { 0) 10.0 1.0572020 { 1} -5.0889205 { 0)
11.0 11981359 { 0} 20793799 | 0} 11.0 8.8319100 ( 0) —-6.3638855 | 0)
12.0 -1.1721669 ( 0) 1.9913812 { 0) 12.0 1.1162106 { 1) —4.8625917 |( 0)
13.0 ~4.1208606 { a) 1.1150825 ( -1} 13.0 1.4665924 | 1) 6.8482406 { -1)
14.0 1.0495022 { 0} —1.7460099 { [0}) 14.0 2.3655702 ( ) 71699440 ¢ o)
15.0 7.8732734 1 -~1) 1.5592748 [ o) 15.0 -1.6201410 ( 1 -2.6846520 | 0)
16 .0 4,7333598 { Q) -5.6083162 ( -1) 16.0 1.9820932 { 1) 2.5065236 { 0}
17.0 5.5622474 ( -1) —1.6329067 { -1) 17.0 9.3224490 { 0} -1.8839025 { o)
18.0 1.5846853 ( -2) ~6+45464455 { -3) 18.0 5.6275266 { -1) -1.9688247 t -1}
19.0 15374162 { -4) ~T7.8645691 { ~5) 19.0 9.5756634 1 -3) -4.4155179 | -3)
20.0 59294097 { -~-T7) —3.5492062 ( -7} 20.0 5.8692558 { -5) -3.2621210 { -5)
21.0 9.9539819 ( -10) -6e 7526054 { -10) 21.0 1.4702940 { -17) —9.4218634 { -8}
22.0 77244776 | -13} —5.8179122 { —-13) 22.0 1.6281892 ( -10) ~1.1714066 { ~10)
23.0 28925367 { —-16) —2.3842973 ( —-16) 23.0 8.4110583 { —14) ~6.6746116 | —14)
24.0 53978875 ( —20) -4, 8180784 ( —20) 24.0 2.1081710 ( -17) -1.8219858 { -17)
25.0 5.1474808 { ~24) —4.9346336 ( —-24) 25.0 2.6417330 { ~21) —-2.4629008 { -21)
26.0 2.5591716 ( -28) -2.6178051 ( -28) 26.0 1.6945574 { -25) -1.6915917 ( -25)
27.0 6.7429665 { —33) —-T.3207365 ( -33) 27.0 5.6714013 { -30) -6.0257041 ( —-30)
28.0 9.5446867 { —-38) -1.0949786 ( -37) 28.0 1.0060330 { -34) ~1.1320511 ( —34)
29.0 7.3420285 { -43) -8.8668468 ( —-43) 29.0 9.5836275 { -40) —1.1374293 | -39)
30.0 3.0993297 ( —-48) —3.9276166 ( —48) 30.0 4.9577462 ( —-45) ~6.1842970 [ —45)

X Uf —=75.0eX) Ut =75.04X) X Ul —80.04X) U'f —80.0¢X)

53 54 58 59

O -3.6296600 0) -3.1434126 { 0} 0. 1.8876979 { 0) —-1.6884248 o)
1.0 843002517 ( -2) 404411821 ¢ 0) 1.0 -2.5521180 { 0) 7.0541673 { -1)
2.0 346295400 ( 0) -3.1422187 { 0) 2.0 2.6176231 ¢ 0} 5.0348138 ( -1)
3.0 -5.1605433 { 0) -3,0054021 { ~1) 3.0 -1.9073493 ( 0) -1.6719139 { 0)
4.0 247593023 {( 0) 3.7197407 { ) 4.0 3.6159548 { -1) 243364379 { 0)
5.0 2.5345821 ( 0) -3, 8061259 { o) 5.0 1.6164765 ( ) -1.8820302 (¢ 0)
6.0 —-5.2422722 { o) —6.3856767 { -1} 6.0 —2.7498657 { 0) 424919842 { -2)
7.0 1.3156587 { -1) 4.2509531 ( 0) 7.0 1.3299702 { 0) 2.0138140 { 0)
8.0 5.4487531 { 0) 1.1243811 { -1) 8.0 2.0399653 ( 0) -1.5576586 | 0)
9.0 1.8230922 { o) -3,8776686 { o) 9.0 -2.0148285 | [0} -1.5854937 | [¢}]
10.0 -3.3097519 { Q) -3.2730158 1 0} 10.0 —2.5716650 { 0} 1.0381491 0)
11.0 -5.4932781 ¢ 0} ~1.3435583 |{ 0) 11.0 ~-3.4075700 ¢ ~1) 2.1058715 ( (t}]
12.0 -5.9710953 { 0) -6.0911416 | -1) 12.0 1.3546188 ( 0) 1.8542651 { 0)
13.0 -5.6939296 | 0) —1.5899248 | 0) 13.0 1.7242896 0) 1.6790735 ¢ 0}
14.0 -1.7415699 { o) -3.3059393 { 0} 14.0 4.9661109 ( -1) 1.8666079 ( 0)
15.0 6.9622246 ( 0) -8.1427246 ( -1} 15.0 -2.8342616 ( 0} 1.0723310 { 0)
16.0 -4.4199582 { 0} 2.2558730 ¢ 0) 16.0 -1.6230050 { 0) -1.4803582 ( 01}
17.0 9.4437430 { 0) -6.1622412 { -1) 17.0 3.1829774 { 0) 1.0759750 ( o)
18.0 1.5254898 { o) -4.1853375 { -1) 18.0 2.9039545 { 0) —5.1248435 ( -1)
19.0 4.9524848 { -2) -2.0052589 { =21 19.0 2.0595110 ( ~-1) -7.0106529 | -2)
20.0 5.0437725 ( —4) -2.5702759 { —4) 20.0 3.7003524 ( -3) -1.6985212 ( -3)
21.0 1.9387819 ( —-61} -1.1651559 { -6) 21.0 2.2593072 { -5) -1.2615902 ( -5)
22 .0 3.1232240 ( -9) ~-2.1366118 ( -9) 22.0 5.4158300 { -8) —3.5033705 ( -8)
23.0 2.2573236 { ~-12) -1.7191609 { -12) 23.0 5.5651733 ( —-11) -4.0528891 ( -11)
24.0 7.6811508 ( -16) -6.4134955 { —16) 24.0 2.6019637 ( —14) —=2.0936252 { ~14)
25.0 1.275%624 ( -19) ~1.1546418 ( —19) 25.0 5.7797875 { —-18) -5.0704518 ( -18)
26.0 1.0629319 { -23) -1.0342007 { -23) 26.0 6.3034385 ( -22) -5.9694978 (| —-22)
27.0 445443522 { -28) -4.7204214 ( -28) 27.0 3.4634394 ( -26) —3.5135471 ( —26)
28.0 1.0149762 ( -32) -1.1193954 ( -32) 28.0 9.7889968 { —~31) ~-1.0572452 ( -30)
29.0 1.2021995 ( -37) —-1.4013309 ( -37) 29.0 1.4477803 ( -35) -1.6563211 ( -35)
30.0 T«6476125 ( -43}) -9.3854223 { —43) 30.0 1.1366253 { -40) -1.3716060 { —40)
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25.0 3.8058969 ( —9) —2.7474038 | -9) 25.0 1.0950347 ( -T7) —7.5194931 ( -8)
26.0 1.8314821 ( —-12} ~1.4743651 ( ~-12}) 26.0 7.3473978 { -11) -5.6835153 ( —-11)
27.0 3.9379643 ( -16) —3.4781865 [ —16) 27.0 2.1323055 ( -14) ~1.8223085 ( —-14)
28.0 3.9482812 ( -20) -3.7814838 { -20) 28.0 2.8132708 { —-18) -2.6202682 { -18)
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2.0 2.9862750 { -1) 1.4898776 { 0} 2.0 -1.6520205 { 0} 1.4355887 { 0}
3.0 -1.4178536 ¢ 0) -2.0491639 { -1) 3.0 -1.1235354 ( 0) -1.9485072 ( 0)
4.0 7.5259740 { -1) -1.2887483 ( [¢]] 4.0 1.9769834 ( 0) -8.4083624 ( -1}
5.0 7.0221078 { ~-1) 1.3160310 0) 5.0 2.1496918 { -1) 2.2669767 0)
6.0 -1.4420573 { 0} -1.8527802 { -1) 6.0 —2.0583310 { 0) -6.5350943 ( -1)
7.0 1.1477367 { 0) -9.2106240 { -1) 7.0 1.5942170 ( 0) -1.5198636 ( (3}
8.0 ~-4.0812638 ( -1} 1.4131698 { [} 8.0 8.5787756 { -2} 2.2263145 | )
9.0 -2.0855075 { -1} —1.4407238 ¢« 0) 9.0 .- ~-1.4386085 { [0} -1.6739949 |{ 0}
10.0 4.8829363 { -1} 13600412 ( 0l 10.0 240441249 ( (0}] 8.8276139 ( -1)
11.0 ~3.8484878 { -1) -1.3702531 ¢ 0) 11.0 -2.2082095 | 0) —4.8784016 { -1}
12.0 -1.8902020 { -1) 1.3795343 { 0) 12.0 2.1803490 { 0) 6.8772318 ( -1)
13.0 1.1816650 { o) -9.1302661 ( ~-1) 13.0 -1.7037970 0} =1.4300199 { 0)
14.0 -1.5331523 { 0} -4.6746605 { -1) 14,0 3.0165712 ( -2) 2.0251122 { 0)
15.0 -95.1445611 ( -1} 1.2275574 | 0} 15.0 2.3030590 ¢ 0 -7.0369253 ( -1)
16.0 1.2708279 { o) 8.5872667 ( -1) 16.0 -6.4182817 ( -1) -1.8494329 { 0)
17.0 1.7905786 | 0} 2.3374880 { -1) 17.0 -2.4490420 ( 0) -7.1738140 { -1)
18.0 1.8571838 { 0) 3.1973475 { -1) 18.0 ~-2.7798449 ( 0} -1.7460336 ( -1)
19.0 8.7570438 { ~-1) 9.5305284 ( -1) 19.0 —-2.6065668 | 0} -8.1616389 ( -1)
20.0 —-2.3254318 {( 0) 1.2764623 { -1} 20.0 7.6138263 ( -1} ~1.4275040 { 0)
21.0 29864305 { 0) -2.3595786 ( -2) 21.0 1. 8426655 ( Q) 11424592 { 0)
22.0 5.7384806 ( -1} -1.6039600 { -1) 2?7.0 2.5150577 { 0) -4.6640727 { -1}
23.0 1.5790883 ( -2} -6.8011935 { -3} 23.0 1.4465090 ( -1) -5.3622369 ( -2)
24,0 1.1596723 { -4&) -6.3602004 ( -5S) 24.0 1.7972441 { -3) -9. 0175875 ( —4)
25.0 2.8721067 ¢ -T) -1.8658633 ( -7} 25.0 6.8194017 ( -6) —4.1628415 ( —6)
26.0 2.7290905 ( -10) -2.0216080 { —10} 26.0 9.3424258 ( -9) -6.6004294 { ~9)
27.0 1.0811554 ( —13) ~8.9197073 1 -14) 27.0 5.1166548 { —-12) -4.0643167 ( -12)
28.0 1.8932700 { -17) -1.7120439 { —-17) 28 .0 1.2005533 ( -15) -1.0520869 { -15)
29.0 1.5307774 { -21) —1.4997594 [ -21) 29 .0 1.2691731 { -19) -1.2107686 ( —-19)
30.0 5.9109273 { ~26) —6.2194542 { -26) 30.0 6.2818515 ( -24) ~6.4592614 ( —24)
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